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NEW GENERAL INTEGRAL INEQUALITIES FOR 
(a,m) GA-CONVEX FUNCTIONS VIA HADAMARD 
FRACTIONAL INTEGRALS 

iMDAT i§CAN AND MEHMET KUNT 


Abstract. In this paper, the authors gives a new identity for Hadamard frac¬ 
tional integrals. By using of this identity, the authors obtains new estimates 
on generalization of Hadamard, Ostrowski and Simpson type inequalities for 
(ck, m)-GA-convex function via Hadamard fractional integral. 


1. Introduction 


Let a real function / be defined on some nonempty interval I of real line R. The 
function / is said to be convex on I if inequality 

f(tx + (1 - t)y) < tf(x) + (1 - t)f(y) 
holds for all x,y £ I and t £ [0,1]. 

Following inequalities are well known in the literature as Hermite-Hadamard 
inequality, Ostrowski inequality and Simpson inequality respectively: 


Theorem 1. Let / :/ CI-iliea convex function defined on the interval I of 
real numbers and a,b £ I with a < b. The following double inequality holds: 


f 


a + b\ 

) 


1 

<- 

b — a 


f{x)dx < 


a 


/(«) + m 

2 


Theorem 2. Let / :/ Cl—iR a mapping differentiable in J°, the interior of 
I, and let a,b £ 1° with a < b. If \f'(x)\ < M, x £ [a,b ], then we the following 
inequality holds: 

b 

f{x) - £- 2 - J f(t)dt 

a 

for all x £ [a, b]. The constant - is the best possible in the sense that it cannot be 
replaced by a smaller one. 


< 


M 
b — o 


(x — a) 2 + (b — x) 2 


Theorem 3. Let f : [a, b\ —> R be a four times continuously differentiable mapping 
on ( a,b) and ||/^ 4 '*|| oc = sup |/( 4 )(a;)| < oo. Then the following inequality holds: 

x£(a,b) 


f(a) + f(b) 



b — a 


f{x)da 


1 

“ 2880 



(b - a) 4 . 


The following defnitions are well known in the literature. 
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Definition 1. [TO] [XT]. A function f : I C (0,oo) —> R. is said to be GA-convex 
(geometric-arithmatically convex) if 

f{x t y 1 ~ t ) < tf(x) + (1 - t) f(y) 

for all x,y £ I and t £ [0,1]. 

Definition 2. [S] . Let f : (0, b) —> R, b > 0, and (a, to) £ (0, l] 2 . If 
f{x t y m ^) < t a f(x) + m (1 - t a ) f{y) 

for all x,y £ (0, 6] and t £ [0,1], then f is said to be a (a, m)-GA-convex function . 


Note that (a, to) £ {(1, to) , (1,1), (a, 1)} one obtains the following classes of 
functions: m-GA-convex, GA-convex, a-GA-convex (or GA-s-convex in the first 
sense, if we take s instead of a (see [TO]')'). 

We will now give definitions of the right-sided and left-sided Hadamard fractional 
integrals which are used throughout this paper. 

Definition 3. [4] . Let f £ L[a,b\. The right-sided and left-sided Hadamard frac¬ 
tional integrals J® + / and / of oder 0 > 0 with b > a > 0 are defined by 


•'“+/(*) = W) I ( ln f) # ' m T' a<x<b 

a 

and 



X 


respectively, where T(6) is the Gamma 


OO 

function defined byT{9) = J t 


~H e ~ x dt. 


In [20j . I§can represented Hermite-Hadamard’s inequalities for GA-convex func¬ 
tions in fractional integral forms as follows: 


Theorem 4. Let f : / C (0,oo) —>■ R be a function such that f £ L[a, b], where 
a,b £ I with a < b. If f is a GA-convex function on [a,b\, then the following 
inequalities for fractional integrals hold: 


v ; 


/(«) + /(&) 

2 


with a > 0. 


In [20]: I§can gave the following identity for differentiable functions.. 

Lemma 1. Let f : / C (0,oo) —> R be a differentiable function on 1° such that 
f £ L[a, b], where a,b £ I with a < b. Then for all x £ [a,b] , A £ [0,1] and a > 0 
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we have: 


If (x, A, 9 , a, b) 


(1-A) 


In 


e a 


In 


/ (x) + A 


/ (a) ln e - +f(b) In 


e b 


-r(0 + 1) [J e x _f{a) + J d x+ f{b)\ 



In recent years, many athors have studied errors estimations for Hermite-Hadamard, 
Ostrowski and Simpson inequalities; for refinements, counterparts, generalization 

see [u m ei ei m ei [m nsi na nn nzi hb] - 

In this paper, new identity for fractional integrals have been defined. By using 
of this identity, we obtained a generalization of Hadamard, Ostrowski and Simpson 
type inequalities for (a, m)-GA-convex functions via Hadamard fractional integrals. 


2. Main results 

Let / : I C (0, oo) -I 1 be a differentiable function on 1°, the interior of /, 
throughout this section we will take 


K f (A, 9, x rn ,a m , b m ) = (l-A)i 


i„» £ +1„» t 

a x 


/(* m ) 


+A m 


f(a m ) ln e — + f(b m ) ln w — 


X 


a x 

-r ( e + 1) [JU-f{a m ) + J e xm+ f(b m )\ 


where a,b £ I with a < 6, x G [a, 6] , A € [0,1], 9 > 0 and T is Euler Gamma 
function. 

Similarly to Lemma [U we can prove the following lemma. 

Lemma 2. Let f : I C (0,oo) —> R be a differentiable function on 1° such that 
f £ L[a m , b m ], where a m , b £ I with a < b and m £ (0,1]. Then for all x £ [a, b], 
A £ [0,1] and 9 > 0 we have: 


K f (A, 9,x m , a m , b m ) = m 6+1 a m (in J ( t e - A) (0 /' (a; mt a ro(1 - t) ) dt 

0 

- m e+1 b m ^ln ^ J (t e - A) (|) m ‘ /' (a; mt 6 m ^ 1_t) ^ dt. 

o 

Theorem 5. Let f : I C (0, oo) —>• 1 6e a differentiable function on 1° such that 
f £ L[a rra ,6 m ], w/iere a m ,b £ / ° w*t/i a < b and m £ (0,1]. If \f'\ q is ( a,m)- 
GA-convex on [a m , 6] /or some /ized g > 1, x £ [a, 6], A £ [0,1] and 9 > 0 f/ien the 
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following inequality for fractional integrals holds 


\K f (A, 9, x m ,a m , 



where 

C 0 (0, A) 
Ci (x, 9 , A, q , m, a) 

C 2 (x, 9 , A, g, to, a) 

C 3 ( x,9,X,q,m,a) 

C 4 (x, 9 , A, g, to, a) 


> m )l < 

|/' (x m )| 9 Ci (x,6,\,q,m,a) V 
|/' (a )| 9 C 2 (x, 9, A, g, to, a) y 

|/' (x m )| 9 C 3 (x,6,\,q,m,a) Vl 
+m |/' ( 6)| 9 C 4 (x, 9, A, g, m, a) ) j 



0 


( 2 . 1 ) 


Proof. From LenrmaO property of the modulus and using the power-mean inequal¬ 
ity we have 



Since \ f'\ q is (a, TO)-GA-convex on [a m ,b\, for all t € [0,1] 

/' (x^a^-tA I q < t a |/' (z m )| 9 + m (1 - i“) |/' (a)| 9 , 

/' I 9 < f a |/' (ir m )| 9 + to (1 - t a ) |/' (&)| 9 . 

By a simple computation 


j \t e — A| dt = 

0 


A 1 / 9 


0 


(A — t e ) dt + f (t 0 — A) dt 

A 1 / 9 


2(9A 1+ * + 1 
0 + 1 


- A. 


(2.3) 

(2.4) 


(2.5) 
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If we use (12.31) , (12.41) and (12.51) in (12.21) , we obtain m ■ This completes the proof. 

□ 


Corollary 1. Under the assumptions of Theorem^ with q = 1, the inequality (12.11) 
reduced to the following inequality 


K f (X,9,x m ,a m ,b m ) <m 


e+i 



\f (x m )\Ci (x,9,X,l,m,a) \ 

+m\f (a)\C 2 (x,d,X,l,m,a) ) 


+b m 



\f {x m )\C 3 (x,0,X, l,m,a) \ 1 
+m |/' (6)| C 4 (x, 9,X,1, m, a) Jj 


Corollary 2. Under the assumptions of Theorem [3| with x = y/ab, X = ^ from the 
inequality m we get the following Simpson type inequality for fractional integrals 



Corollary 3. Under the assumptions of Theorem\5\ with x = y/ab, X = 0 from the 
inequality (EUD we get the following midpoint-type inequality for fractional integrals 


->0-i 


< 


( mln a) 

f ((Vo&) 

m In - 


K< 


(o,9, A/ot)"* ,a m ,b m ^j 
2 9 ~ 1 T(9 + 1) 


(m ln|) £ 




e + i, 


)"*L- 


i / , — \ - 

Ci ly/ab,9,0,q,m,aj 

i ^ 

+m\f (a)| 9 

C’2 (yyfab, 9, 0, q , m, cxj 




1 

Pi 

i ( , — \ - 

C 3 1 v ab, 9, 0, q, m, a 1 

q 

+m\f (b)\ q 

C 4 (y~ab, 9, 0, q, to, aj 



Remark 1. If we take 6 = 1, m = 1 in Corollary [5| we have the following midpoint- 
type inequality for a-GA-convex function (or GA-s-convex function in the first 
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sense), which is the same with the inequality (9) of Theorem 3.f.b. in [19] . 


/ (VabJ 


1 


f(x) 


In b — In 


dx 


a . „ x 


(iV l \ 

f (Vabj 

9 / ,- \ - 

Ci ( v ab , 1,0, q, 1, a 1 

\v r 

+ l/»l 

9 C 2 ^\/a6,1,0, q, 1, a) 


+b 


f (VS) 


C 3 (Vab, 1 , 0 , 


+ |/' (b)\ q C 4 ( \/ab, 1 , 0 , q, 1 , a 



I \ 

\ 

9 1 

\ 

*) 

1 

/ J 

J 


Remark 2. If we take 6 = 1, m = 1, a = 1 in Corollary [3] we have the follow¬ 
ing midpoint-type inequality for GA-convex function, which is the same with the 
inequality (13) of Corollary 3.5 in [T9], 


< 



1 


/O) 


In b — In a 


dx 



f (Vabj 

Ci (Vab, 1,0, g, 1, l^j 

« V2 J ) 

+ \ f ( a )l 

9 C 2 (Vab, 1,0, g, 1,1^ 


+5 

f (Vabj 

C 3 (Vob, 1,0, q, 1,1^ 

1 

g 


+\rm 

? C 4 (v^M,0,g,l,l) 

> 


Corollary 4. Under the assumptions of Theorem\5\ with x = Vab, A = 1 from the 
inequality (EH) we get the following trepezoid-type inequality for fractional integrals 


->s-i 


K f (l,0, (Va?)™ ,a m ,b m \ 


> ln !) 

f{a m ) + f(b m ) 2 e - 1 r(6» + l) 


J, 


a / 


< 


to In - / 6 


o + i, 




9 / .- \ - 

Ci V«Mil,9>TO,a 

i ^ 

+to /' (a) | 9 

C 2 (^Vab, 0,1 , g, tn, <xj 


+b " 


1 

©I 

9 / .- \ - 

C 3 ( Vafr,0 , 1, q,m,a\ 

q 

+?n|/'(&)| 9 

C 4 (Vab, 0 ,1, g, to, 



Corollary 5. Let the assumptions of Theorem [5] hold. If |/ , (u)| < M for all 
u € [a m , b\ and A = 0, then from the inequality ( 12 . 11 ) we get the following Ostrowski 
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type inequality for fractional integrals 


x\ e 

/ 6 \ e 

in- 

+ In - 

V a/ 

V 


f{x m ) + J e xm+ f(b m )\ 


m 


< 


mM 


( 0 + 1 ) 


+b m In 


K) 


x \ 9+1 ( Ci(x,9,0,q,m,a) 

+IJ 1 C 2 ( x , 9, 0 , q, to, a) 


8 +1 


C 3 (x,9,\,q,m,a) \ q 
+TO.C 4 (x, 9 , A, q , m, a) 


/or eac/i a; G [a, b]. 


Theorem 6 . Let f : I C ( 0 , 00) — > K be a differentiable function on 1 ° such that 
f £ L[a m ,b m }, where a m ,b £ I 0 with a < b and m £ (0,1]. If \f'\ q is (a,m)- 
GA-convex on [a m , b] for some fixed q > 1, x £ [a, b\, A £ [0,1] and 9 > 0 then the 
following inequality for fractional integrals holds 


| K f (A, 9, x m ,a m , b m ) | < m e+1 Ro ( 9 , A, p) 

■ e+1 ( \f (x m )\ q Ri (x,q,m,a) 
+m \f (a )| 9 i ? 2 (a:, g, to, a) 


x < a 


H)‘ 


+b m In 


8+1 


\f (x m )\ q R 3 (x,q,m,a) \ q 

+m | f (b)\ q i ? 4 {x, q, to, a) 


where 


1 

Ro (9,\,p) = J \t e — A| P dt 


8p +1 


x 2 F 1 ( 1 -l, 1 ;p + 2;l-A) } 

$P(hp + 1 ) 


A = 0 
0 < A < 1 
A = 1 


XX'mqi 


Ri (x, q, m, a) = J J t a dt , 

0 

1 

r / x\ m i t 

R 2 {x,q,m,a) = / (^-J (1 — 

i ? 3 (x, g, to, a) = 

I / x \ rn x t 

Ra (x, g, to, a) = / (1 — t“) di, 


2 ; \ mqt 


t a dt , 


2+1 is hypergeometrical function defined by 

1 


2 .F 1 (a, 6 ; c; 2 ) = — 77 -^—rr f t b 1 (1 - t) c b 1 (1 - zt) a dt, 

P ( 0 , c — 0 ) Jo 


P(b,c- b) J o 

c > 6 > 0, | 2 | < 1 (see HD , 


( 2 . 6 ) 
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(3 is beta function defined by 

P (x, y ) = ^^ ^ = f t X ~ 1 (1 - t) y_1 dt, x,y> 0, 

r (x + y) Jo 

and \ + \ = 1 - 


Proof. From Lemma [2j property of the modulus and using the Holder inequality 
we have 


- X\ P dt 


\K f (X,9,x m ,a m ,b m )\ < m e+1 ij \t e - A 

V o 

K)‘ +I [ 


x < a 


+b m In 


dt 


6+1 


j y mt | / 


dt 


By a simple computation 

l 


Ro(0,\,p) = J \t 9 - X\ P dt 


Sp +1 


A = 0 




, 0 < A < 1 , 

A = 1 


(2.7) 


( 2 . 8 ) 


x 2^(1- ±,l;p + 2;l-A) } 

?P(hp + 1 ) 

Since \f'\ q is (a, m)-GA-convex on [ a m , b], for all t G [0,1], if we use (12.31) . (12.41) and 
(EHD in urn we obtain m- This completes the proof. □ 


Corollary 6. Under the assumptions of Theorem [S| with x = \fab , A = A from the 
inequality (EH) we get the following Simpson type inequality for fractional integrals 



f(a m ) + 4f((yri) m )+f(b m ) 


2 e - 1 r(6» +1) 
( mln !) e 



f(a m ) + J 


6 

(\ZafT) m + 


f(b m ) 


l a m 

f(m 

Q f . — \ ’ 

i?i ( v ab , q, to, aj 

l i 

+m\f (a)| 9 

i?2 (y\fab, q , to, a^j 


+b n 


q , m, ot'j 

+m \f (6) \ q i ?4 (Vab , q , to, a ] 


< 


(In - 


a r> F 
— -fin 



Corollary 7. Under the assumptions of Theorem\G\ with x = \fab, A = 0 from the 
inequality (EH) we get the following midpoint-type inequality for fractional integrals 
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2 e-i 





2 e ~ 1 T{e + 1 ) 

( mln a) S 



f(a m ) + J 


e 


f(b m ) 


< mln «( 1 V, 

a m 

/' ((VS) ) i?i (Vri,q,m,a) 

4 \9p+1) 

1 

+m |/' (a )| 9 i ?2 (VS, q, m, a) 


+ 6 m 

/'((^D 

q / .— \ - 

i ?3 1 \/ab , q,m,a J 

I 

g 

_ 

+m|/' ( 6 ) ? 

R 4 (VS, q, to, a) 

> 


Remark 3. If we take 0 = 1, m = 1, p = in Corollary^we have the following 
midpoint-type inequality for a-GA-convex function (or GA-s-convex function in the 
first sense), which is the same with the inequality (17) of Theorem 3.7.b. in fl9l . 



1 


f(x) 


In b — In a 


dx 




/' (VS) 

9 

VS, g, 1, a) 

- 4 1 


+ l/»l 

( 

\/S, q , 1, a) 


+6 

/' (VS) 

<? / . — \ ■ 

( vab,q , 1, a 1 

I 

Q 


+ !/'(&)! 

3 i ?4 (\/S, g, 1 , a) 

j 


Remark 4. If we take 0 = 1, m = 1, a = 1, p = in Corollary (7) we have the 
following midpoint-type inequality for GA-convex function, which is the same with 
the inequality ( 21 ) of Corollary 3.8 in [T9] . 


/ (VS) 


1 


fix) 


In b — In a 


dx 


< 


In ■ 


+b 



f.[ 

/' (VS) 9 i?i 

VS,g, l,l) 



+ 1/' (<01**2 ( 

\/S,g,l,l) 


f ( 'Vab ) 

+ \f (b)\ q R 4 (Vab,q, 1,1 


R 3 ( Vab,q, 1,1 
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Corollary 8. Under the assumptions of Theorem^ with x = y/ab, A = 1 from the 
inequality (EH) we get the following trepezoid-type inequality for fractional integrals 

f(a m ) + f(b m ) 2 e ~ 1 T(e + l) 


- i—i' J7 r-nm f{a m ) + J7 

(m In -) S ^ ~ + 


< 



a m 

f ^Vabj ''j R\ (Vab, q, to, 

v* v* yy 

L 

+to |/' (a)| 9 1?2 (y/ab, q , to, 


/ |/ , (^)| 9 i? 3 ( 1 

/a6, g, to, 

VI 

\ +to|/'(6)|*1?4( 

\/a&, q , to, 

il 


+b n 


Corollary 9. Let the assumptions of Theorem [3] hold. If |/ , (u)| < M for all 
u £ [a m , b\ and A = 0, then from the inequality (12.611 we get the following Ostrowski 
type inequality for fractional integrals 


< 


K)’+H) 

m (in — 
V a 


f(x m ) - ^^+ J e xm+ f(b m )] 


mM 


( 9p+ l)p 


\ 9+1 ( Ri(x,q,m,a) 
a) V +mR 2 (x,q,m,a) 


for each x £ [ a,b} 


0+1 


R 3 (x, q, to, a) ^ 9 
+i ?4 (x, q , m, a) 


Theorem 7. Let f : I C (0, oo) — > R be a differentiable function on 1° such that 
f £ L[a m ,b m ], where a m ,b £ I ° with a < b and m £ (0,1]. If \ f\ q is (a,m)- 
GA-convex on [ a m , b] for some fixed q > 1, x £ [a, b], A £ [0,1] and 8 > 0 then the 
following inequality for fractional integrals holds 

\Kf (X, 8 ,x m ,a m ,b m )\ < m e+1 
a j 


where 


/ T \ 2. 

x<a m ^ln— J Tf (x, 8 ,X,p,m) 


b \ 


o+i 


+b m ( In — j Tf (x, 9,X,p , to) 


a + 1 

\f (x m )\ q + ma\r (b) \ q Y 
a + 1 


(2.9) 


Ti (x,9,X,p, to) 

T 2 (x, 8 , X,p, to) 


■ fj . | ^ / X \ rn P t . 

|t — A| J dt , 


\ a 

(f; 




dt , 


and p + 9 = L 
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Proof. Since \ f'\ q is (a, m)-GA-convex on [a m ,b], for all t £ [0,1], if we use (12.31) . 

(El 


J f (x^ar^-^y dt < j t a \f' (x m )\ q + m (1 — t a ) \f'(a)\ q dt 


I/' {.x m )\ q + ma\f (a)\ q 
a + 1 


( 2 . 10 ) 


1 1 

J \f {x mt b m ^)\ q dt < J t a \f' (x m )\ q + m (1 — t a ) \f'(b )\ 9 dt 


\f (x m )\ q + ma\f {b)\ q 
oc 3“ 1 

From Lemma H property of the modulus, (12.101) . (12.111) and using the Holder 
inequality, we have 

m m imil ^ $+1 


\Kf (A, 9, x m , a m , b m )\ < m ” 


x < a 


K) 


8+1 


+b m In 


b\ 


8+1 


< m e+1 l a m 


H) 


8+1 


11 6 


+b m In 


b\ 


8+1 


This completes the proof. 



Corollary 10. Under the assumptions of Theorem^with x = \[ab, A = A from the 
inequality (12.91) we get the following Simpson type inequality for fractional integrals 
2 e-i 

■ n 


(ml*!) 


2 e-1 r (9 + 1) 




1 

6 L 


- f{a m ) + J? r -, m J(b m ) 

(min -) S ^ (^ ” ( v ^) + 


f(a m ) + Af[[Vab) )+f(b m ) 
min - 


< 


x a m Tf ( Va6, 9, -,p,m 


+b m Tf ^Vab,9,^,p,m 


'W)f + ma|/' (a) | 13 


/ 

V 

/'((v^fe 


a + 1 


I f(b)\“ 


a + 1 
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Corollary 11. Under the assumptions of Theorem^with x = \fab , A = 0 from the 
inequality EH we get the following midpoint-type inequality for fractional integrals 


i0-i 


K, 


(m Inf) 

/((^n 


( 0 , 6 , 


2 e ~ l T (0 + 1) j6 


- ^——2. jf /(«™) + /(& m ) 

(m In ~Y L ” (^) + 


m In - 

< --2- i a Tf Vab , 0, 0,p, to 




irwr 


OL H- 1 


+6 m T 2 p (va6,0,0, p, m 


f ((VaE^ ) + mot \f (b)\ q 


\ 


a + 1 


Corollary 12. Under the assumptions of Theorem^with x = Vab, A = 1 from the 
inequality (EH) we get the following trepezoid-type inequality for fractional integrals 

29 1 \Kf (l,e, (y^j m ,a m ,b m ^ 


( TO ln a) 

f(a m ) + f(b m ) 2 e - 1 r(0 + l) 


< 



L + J (VaSr + f( bm \ 


f (^(Vabj ) +ma\f'(a)\ q 


a + 1 


+b m T£ ( Vab, 6 ,l,p,m 


f (( Vab ) ) + too |/'(&)| 9 


a +1 


Corollary 13. Let the assumptions of Theorem^ hold. If \f'(u)\ < M for all 
u £ [a m , b] and A = 0, then from the inequality (12.91) we get the following Ostrowski 
type inequality for fractional integrals 

/( * m) ~ 


/ x\ s 

( b \ 

(in-) 

+ (in - 

V a) 

V x) 


< mM 


1 + nicy \ q 
a + 1 


x|a m ^lnl^ Tf (x, 9, 0,p, to) + b m ^ln — ^ Tf {x, 9, 0,p, to)| 


for each x £ [a, b] 


Theorem 8. Let f : I C (0, oo) —> K. be a differentiable function on 1° such that 
f £ L[a m ,b m ], where a m ,b £ I ° with a < b and m £ (0,1]. If \f\ q is ( a,m)~ 
GA-convex on [a m , b] for some fixed q > 1, x £ [a, b\, A £ [0,1] and 6 > 0 then the 
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following inequality for fractional integrals holds 
\K f (A, 8 , x m , a m , b m )\ < m e+1 


x < a 


K) « 


VU9,\,a,q)\r {x m )\ q 
3 +mV 2 (9,X,a,q)\f (a)\ q 


b\ 6+1 i 
+b m ( In — J V/ 


Vl (8 ,X,a,q) \ f [x m )\ q 
+mV 2 (8, A,a,q) \f (b)\ q 


where 


1 

Vi(0,A ,a,q) = j \t e -A\ q t a dt 


{ 


6q-\-ot -\-1 

A ( 9g+n + l)/8 , a + 1 | -| \ I (1 —A) g+1 

0 PI 8 0 ( 5 + 1 ) 

X 2 F 1 (l-^,l ;< 7 + 2;l-A) } 
Ifl ( a + 1 


tf{efi,q+l) 


1 

V 2 (8,A,a,q) = j \t 9 - \\ q (1 - t a ) dt 


A = 0 
0 < A < 1 
A = 1 


( 2 . 12 ) 


(2.13) 


A = 0 


0q+l tfg+a+l 

!) - («.,,+ i) 

= < (i—A ) g+1 ( 2 F\ (l — 5 ) 1; 9 + 2; 1 — A) \\ > 0 < A < 1 

+ 0 ( 9 + i) V _ 2 F 1 (1-S±l,l ;g + 2;1-A) 

+ - |/3(s±l,g+l) , A = 1 

(2.14) 


Va = 


y 4 = 


x , P mt f (g) mP -! 

' ln(^) mp ’ 

l 1 


( (3S.\mp 

rn \ pmt I \ b J _ 

' dt=\ ln(f ) mp ’ 


1 


i/a 

otherwise 

x ^ b 
otherwise 


and p + q =1 - 


(2.15) 


(2.16) 


Proof. From Lemma[2j property of the modulus, the Holder inequality and by using 
(12.31) . (12.41) . (12.1511 and (12.161) we have 


\Kf (A, 8 , x m , a m , b m )\ < m 


0+i 
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X 



t a \f'(x m )\ q 
+m (1 — t a ) |/' (a)| 9 


+b m 



X 



t a \f (x m )\ q 
+m (1 — t a ) \ f (6)| 9 



1 \ 



(2.17) 


By a simple computation we verify (12.131) and (12.1411 . If we use (12.131) . (I2.14|) . 
(12.15|) and (12.1611 in (12.171) we obtain (12.121) . This completes the proof. □ 


Corollary 14. Under the assumptions of Theorem\S\with x = yfab, A = A from the 
inequality ( 12 . 121 ) we get the following Simpson type inequality for fractional integrals 


->e-i 


K, 


(mini) 

2 e-1 r (9 + 1) 

(mini)® 




, a m , 6” 


1 

6 L 


x < a 


+b rl 


ml \af 


r 

L J {Vab) m - 

- l\ 




/(o m )+4/((^) m ) +f(b m ) 
f(b m ) 


< 


min - 


V ln(i) 2 

mp . 


+m.I4 (0, §,«,?) |/' (a) 1 9 

Vi (M.a.g) I/' (^ m )l 9 

+mV 2 (9,±,a,q) \ f (b)\ q 


Corollary 15. Under the assumptions of Theorem 0 with x = y/ab, A = 0 from the 
inequality (| 2 . 1 2 |) we get the following midpoint-type inequality for fractional integrals 


9-1 


( TOln !) 


K, 


(O,0, (Vabj m , a m , b m ^j 


2«- 1 r(6» + l) q 


< 


f ((^)) - ~ i +w + /(im) 



I/' (^ m )l 9 


i/'wr 


Corollary 16. Under the assumptions of Theorem 0 with x = y/ab, A = 1 from 
the inequality ( 12 . 121 ) we get the following trepezoid-type inequality for fractional 
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integrals 




(min A) 


K, 


(l ,0, (\/a6) m , a m , & m ) 


f(a m ) + f(b m ) 2 e - 1 r(6» + l) 


< 





f(a m ) + Jf 


(\/af>) m + 


f(b m ) 


i/3(^,g + l)|/'(x m )| 9 

+ (|/ ? (i« + 1 ) - ^(nr 1 ,^ 1 )) I/' («)l 9 


±/3(^,g + l)|/'(x m )| 9 


1 

Q 


Corollary 17. Lei the assumptions of Theorem\^hold. If |/'(«)| < M for all 
u € [a m ,b] and A = 0, then from the inequality (12.121) we get the following Ostrowski 
type inequality for fractional integrals 


/ x\ e 

l b \ 

( ln -) 

+ ln - 

V a) 

V X J 


< mM 


0q-\-ot -\-1 


+ 


+b m ( In - 
x 


y Qq -\-1 6q-\-ot -\-1 J 

0+1 / (x^ m P _ ^ \ p 


(!) 

mp 

-1 

ln 

V a J 

I m P 


Ml)' 


for each x € [a, b] 
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